Abstract. The acoustic pressure in elliptic-cylinder waveguides and enclosures formed by a finite-length elliptic cylinder and two plane surfaces (z = z1 and z = z2) is discussed. The influence of a medium mean flow vz along the axial direction on the acoustic pressure in ellipticcylinder waveguides is also addressed. It is shown that phase speeds are shifted by an amount proportional to vz (−vz) for flow along (against) the direction of sound propagation independent of the sound propagation mode in consideration. Symmetry properties and nodal characteristics of pressure eigenmodes in terms of the Mathieu functions and the modified Mathieu functions are also discussed. The work presented is application-oriented and the application in hand has important implications for flow-acoustics devices.
Introduction
The Helmholtz equation is known to be separable in 11 coordinate systems including the elliptic cylinder coordinates (ECC) [1, 2, 3] . In this paper, the theory of acoustics in waveguides with an elliptical cross section is presented subject to rigid-wall boundary conditions (Neumann boundary conditions). The influence of a medium mean flow in an elliptic cylinder on acoustic propagation properties is also addressed. Furthermore, we briefly discuss eigenmodes in acoustical enclosures formed by a finite-length elliptical cylinder and two plane surfaces (z = z 1 and z = z 2 ) [4] . Similar studies of acoustic enclosures in parabolic cylinder [5] and parabolic rotational coordinates have been recently carried out [6] . Related studies of waveguides and cavity resonators (including elliptic-cylinder geometries) play an essential role in microwave physics [7, 8, 9, 10] as they are widely used in physical measurements and special devices. A recent examination of confined electronic states in flat elliptic semiconductor quantum dots and wires [11, 12] emphasizes the interest in understanding wave propagation phenomena in ECC. Although, in the case with mean flow, the governing differential equation is different from the Helmholtz equation, it is still possible to separate the problem. Some implications for ultrasonic flow measurement using the transit-time method are given. Finally, considerable attention is given to the study of symmetry properties and nodal characteristics of eigenmodes in ECC.
In the next section, we show how the acoustic wave equation in a medium with mean flow confined by elliptic-cylinder walls is separated using elliptic cylinder coordinates and give the 1 corresponding author solution of the resulting ordinary differential equations. We then present numerical results for various eigenmodes. It is necessary to emphasize that the work presented is application-oriented with important implications for ultrasonic flow measurement. 
Theory
Consider in the following sound propagation in a moving fluid in a duct with an elliptical crosssection. Let us assume that the fluid speed v is constant in space and time and that the speed of sound c and fluid mass density ρ 0 are constants in space corresponding to the homogeneous case. In this case, the resulting (adiabatic) wave equation becomes [13, 14] 
where
Here, φ, p, and t are the velocity potential, the acoustic pressure, and time, respectively. Further simplifications are possible if monofrequency conditions are assumed and if the fluid flow is directed along the duct axis, i.e., v = ( v , v z ) = (0, v z ), where v is the mean-flow component in the plane defined by the duct cross section. Then, Equation (1) reduces to [for the spatial part of the potential field following a trivial division by the monofrequency term exp(iωt) in all factors]
where ω (= 2πf ) is the angular sound frequency and terms of second order in the velocity v z have been discarded (a reasonable approximation since the flow velocity is small for typically liquid flows, i.e., less than 1 m/sec while the speed of sound is approximately three orders of magnitude higher higher). Equation (3) is conveniently written in elliptic-cylinder coordinates u, v, and z given the geometry at hand (Figure 1 ). Elliptic-cylinder coordinates are related to Cartesian coordinates x, y, and z as follows [15] :
with f the focal length and 2a (2b) is the long (short) axis of the ellipse (a > b). One immediately observes from Equation (4)that constant u curves form elliptic cylinders in Cartesian coordinates while constant v curves form hyperbolic cylinders in Cartesian coordinates. The boundary of the ellipse corresponds to u = U = arctanh(b/a). Equation (3), written in elliptic-cylinder coordinates, becomes 2 f 2 (cosh 2u − cos 2v)
Proposing a separable solution
Equation (5) can be rewritten as three ordinary differential equations
and α, β are separation constants. The equation in Z can be solved immediately so as to give
with Z a constant and (to first order in v z )
Consider next the equation in V (the Mathieu equation 
corresponding to characteristic values β 1 l (γ), or
corresponding to characteristic values β 2 l+1 (γ), where Ce l , F e l , Se l+1 , and Ge l+1 are modified Mathieu functions and A, B, C, and D are constants. Again, one solution F e l [or Ge l+1 ] can be discarded on physical reasoning. This is due to the fact that the velocity potential (or acoustic pressure) must be differentiable continuous across the focal line u = 0. Mathematically, this is stated as [3] 
and
These requirements are fulfilled only if the coefficients B and D are zero in Equations (13) and (14) . In conclusion, acceptable solutions have the form
(even solutions) or
(odd solutions) with
Here, N l , N l+1 are constants. The set of possible γ constants remains to be found. This is done by imposing Neumann boundary conditions on the velocity potential φ along the boundary of the ellipse u = U = arctanh(b/a) corresponding to the rigid-wall case, i.e.,
or
where γ values are ordered such that γ k i,l < γ k i+1,l (k = 1, 2 and i = 1, 2, ...). Thus, in the process of finding solutions, the following procedure is carried out in the waveguide case: Given ω, c, a, and b, Equation (22) is solved so as to find γ k i,l . Insertion into Equation (20) 
where b a denotes the distance between the two transducers, and c
are the phase speeds corresponding to an upstream (downstream) sound propagation case, respectively. Equation (23) is conveniently rewritten as
The transit time difference ∆t k i,l between the two successive sound propagation situations then becomes:
and the so-called deviation of measurement E k i,l , often used as a quality measure for an ultrasonic flow meter, can be written as [17] :
where 2b avz /c 2 is the transit time difference of the fundamental mode. It is evident, that the right-handside of Equation (26) is zero for all modes by employing Equations (24) and (25). Hence, ultrasonic flow measurement is, theoretically, error-free for sound propagation in elliptical waveguides in the homogeneous flow case. In real flow situations, the flow velocity depends on the in-plane position coordinate, and in this case, it is unlikely that ultrasonic flow measurement is characterized by a deviation of measurement which is zero (bearing in mind the corresponding conclusions of flow measurement in cylindrical waveguides [17, 18] ).
Acoustic eigenmodes in elliptic-cylinder enclosures
Consider next an acoustic enclosure consisting of a finite-length elliptic cylinder (with length L) and two plane z = const surfaces. In this case, there is no mean flow, i.e., v z = 0. The z axis is chosen such that the two plane surfaces correspond to z = 0 and z = L, respectively. The general solution for Z is, refer to Equations (17) and (18),
where E and F are constants. Imposing the boundary conditions:
leads to
with n an integer. Insertion of Equation (29) in the first of Equations (20) allows the eigenfrequencies f k iln to be determined
Thus eigenfrequencies of an elliptic-cylinder acoustic enclosure depend on the indices i, l, k, and n as expected. The γ k i,l values are the same as in the elliptic-cylinder waveguide case since γ k i,l is a function of the geometry of the ellipse being common to the waveguide and enclosure. Note, finally, that the wave equation in the presence of flow [Equation (3)] can be transformed into the Helmholtz equation using a Prandtl-Glauert-like transformation:
Hence, if the Helmholtz equation is separable in a coordinate system then so is the wave equation with mean flow.
Results and Discussions
In this Section, calculated results of acoustic eigenmodes in elliptical ducts of various b/a ratios are described. The fluid in the duct is assumed to be water. We employ the following parameter values corresponding to the excitation of ultrasonic waves in water: f = 1 × 10 6 Hz, a = 1 cm, c = 1500 m/sec, and b values in the range: 2−9.9 mm. Mathieu functions and modified Mathieu functions and associated characteristic values are computed using the FORTRAN routines in Ref. [16] . In Figure 2a , we show the computed values of the smallest value of γ 1 1,l for a given l: γ 1 1,l for l = 0, 1, 2, 3, and 4 (even solutions) as a function of the b/a ratio. The asterisk, circle, diamond, square, and triangle data corresponds to l = 0, 1, 2, 3, and 4, respectively. It is evident that, when l ≥ 1, the smallest number of γ 1 l increases with the value of l for all b/a ratios. In actual fact, the number of zeros in the interval 0 < v < π of ce l (v, γ 1 1,l ) and se l (v, γ 2 1,l+1 ) is exactly l [19] . Thus, the increase of γ 1 1,l with increasing l reflects the case well-known from spherical and cylindrical geometries that the in-plane (cross-sectional) wave number increases with the number of nodes of the angular part of the eigenfunction in the range 0 < v < π. We also notice that γ 1 1,l for l = 0 is higher than γ 
e., even eigenmodes φ e l are symmetric with respect to a mirror reflection in the y = 0 plane. Similarly, in the case of φ e 2l (l = 0, 1, ...), the following relation applies
, φ e 2l (x, y, z) (l = 0, 1, ...) is symmetric with respect to a mirror reflection in the x = 0 plane. In the case of φ e 2l+1 (x, y, z) (l = 0, 1, ...), one finds
, φ e 2l+1 (x, y, z) (l = 0, 1, ...) is antisymmetric with respect to a mirror reflection in the x = 0 plane.
Consider next the odd eigenmodes φ o l . Due to se l (v, γ 2 l+1 ) being an odd function, it is found that
i.e., φ o l are antisymmetric with respect to a mirror reflection in the y = 0 plane. Similarly, 
i.e., φ o 2l (φ o 2l+1 ) is antisymmetric (symmetric) with respect to a mirror reflection in the x = 0 plane (l = 0, 1, 2, ....).
The above-mentioned symmetry properties can be observed in Figure 4 for the even eigenmodes. In Figure 4 , the upper-left, upper-right, middle-left, middle-right, and lower figures are for l = 0, 1, 2, 3, and 4, respectively. As mentioned earlier, the number of nodes of φ e l in the interval 0 < v < π is exactly l. Hence, l nodal lines exist in the x − y plane for φ e l and appear as parabolic sheets (because v = constant ⇒ du |(u = U ) = 0 is a constant function). In Figure 5 , a cross-sectional plot of the first odd eigenmode se l+1 (v, γ 2 1,l+1 )Se l+1 (u, γ 2 1,l+1 ) for each l (l = 0, 1, 2, 3, and 4) is shown corresponding to a b/a ratio equal to 0.2. It is clearly observable that all functions are odd in v (or y) and that the number of zeroes for se l+1 (v, γ 2 1,l+1 ) is l in the range 0 < v < 2π.
Finally, we briefly compare our solutions to those of Hong and Kim [4] . Specifically, we compare our modes in Figures 4 and 5 to their Figure 2 . Note that the level ordering need not be the same if the eccentricities differ due to the phenomenon of level crossing [12] . Nevertheless, we find that, apart from one mode, we can relate our modes to theirs with the same ordering. For even modes, our l index corresponds to their m; for odd states, our l index corresponds to m − 1. Thus, our modes in Figure 4 (taking them from left to right and from top to bottom, except for the lowest mode) correspond to the following of their modes: P (1, 1)1, P (2, 1)1, P (3, 1)1, P (4, 1)1. The one difference lies in the lowest mode where they give the trivial solution; we ignore the trivial solution. In addition, we have found another mode that is absent in their case. Similarly, our modes in Figure 5 (taking them from left to right and from top to bottom) correspond to the following of their modes: P (1, 1)2, P (2, 1)2, P (3, 1)2, P (4, 1)2, P (5, 1)2.
Conclusion
Sound propagation in elliptic-cylinder waveguides and acoustic enclosures is presented. The influence of a medium mean flow on acoustic pressure is included in the general theory and implications for ultrasonic flow measurement based on the transit-time method is briefly mentioned. It is shown that phase speeds are shifted by an amount proportional to v z (−v z ) for flow along (against) the direction of sound propagation independent of the sound propagation mode in consideration. Symmetry properties and nodal characteristics of pressure eigenmodes in terms of the Mathieu functions and the modified Mathieu functions are also discussed.
